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Generalized Mass-Scattering Integrals for Dirac
Fields and Their Graphical Representation

J. G. Cardoso'

Received December 27, 1990

Penrose suggested that Dirac fields could be constructed from an infinite number
of elementary distributional fields scattering off each other, with the mass of the
entire fields playing the role of a coupling constant. Following this suggestion,
we present a complete null description of the mass-scattering processes. The
general pattern of the null initial data for successive processes is explicitly exhib-
ited. The entire fields are given by four series of terms, each being a manifestly
finite scaling-invariant integral which is taken over a compact space of appropri-
ate mass-scattering zigzags. A set of simple rules which enable one to evaluate
any term of the series in a graphical way is given. These rules give rise to a
colored-graph representation of the scattering integrals.

1. INTRODUCTION

Penrose’s null initial data (NID) techniques constitute a powerful
instrument for describing the dynamics of sets of interacting spinor fields in
real Minkowski space RM (Penrose, 1980; Penrose and Rindler, 1984). In
this framework, the key concept is that of an invariant exact set, which
guarantees a consistent description of the field dynamics. Likewise, the initial
data for all the relevant processes are specified at nonsingular points of null
hypersurfaces in RM. The evaluation of the entire fields is then carried out
by using either integral devices or appropriate power series expansions.

Penrose suggested (Penrose and Rindler, 1984) that, regarding the Dirac
fields as the elements of an invariant exact set of interacting spinor fields on
RM, one could use these techniques to build up a solution of the source-
free Dirac equation. In accordance with this procedure, the Van der Waarden
form of the field equation should be employed such that the mass of the
entire fields would appear as a coupling constant. The entire Dirac fields
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would then be given as a linear superposition involving an infinite number
of elementary distributional fields, which propagate for a while along null
geodesics of RM, and repeatedly scatter off each other at points lying in the
interior of the future cone of an origin of RM.

In this paper, we develop Penrose’s suggestion further to describe com-
pletely the mass scattering of Dirac fields in RM. All the densities associated
with the elementary contributions satisfy Dirac-like (proper Lorentz-invari-
ant) distributional field density equations on the interior of the future cone
of the origin (Section 2). The initial data generating the elementary fields
are specified at points of the future null cone of the origin. Thus, the success-
ive mass-scattering processes take place at suitable vertices of appropriate
null zigzags that start at the origin and terminate at a fixed point of the
interior of the future cone of the origin. These vertices are indeed the points
at which the NID for the scattering processes are explicitly evaluated. Each
element of the infinite Dirac set appears then to be given as a scaling-
invariant (SI) Kirchhoff-like integral (Cardoso, 1990a) which is taken over a
suitable space of such null graphs (Section 3). Hence, as far as the scattering
processes are concerned, the propagation of all elementary fields is viewed
as taking place entirely along the edges of these graphs. A representation of
the field integrals in terms of colored graphs associated with mass-scattering
zigzags leads us to four graphical expansions for the entire fields (Section 4).

Throughout this work all the fields are looked upon as classical, and
there will be no attempt at this stage to regard them as quantized fields. We
shall make use of some basic properties of distributional fields on RM
(Penrose and Rindler, 1984).

2. FIELD DENSITY EQUATIONS

The main aim of this section is to present the distributional field density
equations (DFDE). We endow the null graphs, which appear to play an
important role here, with appropriate sets of spin bases. These bases enter
into the definition of the relevant NID sets.

2.1. Forward Mass-Scattering Null Zigzags

Let V4 denote the interior of the future cone of an origin O of RM.
Let, also, € § be the future null cone of O. A forward null geodesic zigzag
{n is a simple graph (see, for example, Busacker and Saaty, 1965) whose
vertex-set is the set

V(Cn) = {31, x4, 344, 3 @.1)
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of N+1 vertices all belonging to RM, with N>2. The vertex "x ** lies on
the (future) forward null cone C} of x**, n=0,1,2,..., N—1. The edge-
set of £ is the set

ECn)= {11y, 7} (2.2)

of N suitable affine parameters, where each "+ lies on the (null geodesic)
generator y,+, of C, that passes through x4 and xlAA The elements
¥ and X of (2.1) are the starting-vertex and end-vertex of V(Cy),

respectively.
We next introduce the set of N pairs of forward spin bases

FSBS= {{{0 , OA}’ {QA” ?A’}}’ {{01,4’ 3,4}’ {IO_A,, 25/1(}},
AL 0 o g 23)

where
1 —A4’ - A
{{3A’ ng A}’ {,‘,) ’ ngl }}

is set up at the vertex x**' € V(¢ ), n running over the same values as before.
This set is here called a forward spin-basis set. The pair

{0, 0"}, (", 0" }}

has been introduced even though it does not play any role herein. However,
it is relevant when one carries out the twistorial transcrlptlon of the mass-
scattering formulas (Cardoso, 1988). In (2.3), the spinors "5 A, olA are
chosen to be covariantly constant along ¥,+;. The real null vectors
{6%5%,"5' 5 %} (2.4)

n+1

point in (forward) future null directions through x**, and the conjugate
spin-inner products at x**

7=6""0",, z=o" 5« (2.5)
are held fixed. Let {» be equlpped with an FSBS. In thlszcas3e if the startlng-
vertex of {y is the vertex of ¥4 and if the elements x, x*%, ..., 44 of

V(¢w) all belong to V7§, Ly is said to be a mass-scattering null zigzag
(MSNZZ).

We now take the element N)E '44° of the vertex-set of an MSNZZ, and
transport the spinors c})v” A0 4 (forwardly) parallelly along the generator
yy-i of Cx_,. An N i eVs that is future-null- separated from an

N —
R Y€ C %, which is, in turn, future-null-separated from Nt s defined,
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with respect to " x **, by

N—-ly44 N-IN-—-1 . N Ny _g
Y AA _ 0 AN§1A+u0A gA (2.6)
. . N-—-1 N . N~1 .
In this relation, ¢ and u are appropriate affine parameters, ¢ lying on

N-1
yn—1 and # lying on the null geodesic that passes through R “* and
Nf lax (see Figure 1). Recalling that the inner products "7 'and z are

N—1

4 vary suitably, after a short calculation, we obtain

fixed, and letting N;; &

N _ —
V o08=(-1/"2 lNzlu)oA NglANo‘B 2.7
and
N-1 N N-1 _ N-1 _
V au=01/z Ngl) 0 4.0 4 (2.8)

- B . . N-1 B
Fig. 1. A point "y ““e¥{ is defined with respect to the element  x % of the vertex-set of

an MSZZ.
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N~—1 — . - ,
where V ,,=08/0"y **. Notice that the spinors "o *, 0 1A and the
vertices %, x**, ..., “x'*" have been held fixed at this stage. The com-
plex conjugate of (2.7) is
N1 _ N-1 _ NN-1 _ _p
Vo g"=(=1/"2 Zu)o 4040" 2.9)

We assume that an appropriate MSNZZ will be involved in the defini-
tion of each of the quantities which are to be considered in what follows.
The letters £, A, and 7 will be sometimes used to refer it to these quantities.

2.2. Infinite Dirac Sets

In the absence of electromagnetism, the two-component spinor form of
the Dirac equation on RM is written as (Penrose and Rindler, 1984)

Py =pxf(x),  Vax" (x)=—pya(x) (2.10)

where u=(2)""*%"'m, m being the mass of the fields and 277 the usual
Planck constant. Hence the Dirac fields form the 1nvar1ant exact set of
interacting spinor fields (Penrose, 1980)

DS={y.(x), 1 ()} @.11)

the constant y appearing in (2.10) playing the role of a coupling constant.
The exactness of (2.11) allows us to split it into the infinite invariant
exact set on V5

IDS = { y4(x), g{A'(x), VA, %A'(X), W a(), gg“"(x), ) (@212)

whose elements yield a solution of (2.10) whenever we put

Vi)=Y va), 2= 7® 2.13)
K=0

K=0
In (2.12), x** eV} is effectively identified with the end-vertices

2K +2 2K +3
A4 A4

X , X
A n

of MSNZZs Az +2, Max+3 such that we can reexpress it as

0o 2 o2 13 3.2 4 48
IDS= { '//A('f% x (X), V/A(x)a 7( (X), !//A(x)ﬂ Z (x)a [ } (214)
0 A n o1 Y] A2 A
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We thus have

2K 2K +2 2K +2

Va0 =yl ) oz ()= x “( x ) (2.152)

2K+1 2K+1 2K +3

P g PR3
Y 4=y 4 x ), x “x)=_y “(x) (215b)
n 2K+1 2K+1 n

Let {y stand for either Ay, Or N2x+3. We now associate SI massive distribu-
tional field densities with the elements

N-—-1 N+1 N +1

ya(x) and % (C)

of (2.14), satisfying the DFDE on V7§

NV—IAA’N\i—'I (N-l)_ XA,(N—I) Nv—l XA,(N—])_— N\I—Jz (N—l)
¢ AFITRE Y I 4 gAY
(2.16)
The fields

0o 2 e 2
va(x) and yx"(x)
¢ [
are the massless free elements of (2.14) whose SI densities satisfy the DFDE
1 0 1 1 i
VY (1) =0, V. X*()=0 2.17
VAL () VaiX () (2.17)

The precise meaning of these field densities will be made clear in Section 3.
It is evident that the y s appearing in (2.16) and (2.17) are of the same form
as (2.6).

2.3. Symbolic Expressions for Null Initial Data for Successive
Mass-Scattering Processes

The choice of €4 as the NID hypersurface for all the fields in (2.14)
enables us to define the NID set (Penrose, 1980; Penrose and Rindler, 1984)

0 1, 1 a1
NIDS = {y(0o”; x), Z(? ;x),0,0,...} (2.18)
0
Its nonvanishing elements are the cornplex scalar functions on % §
0 0
v ) =0tyax). 20" D=0 (Dere (219

which are specified at the element x"* of the vertex- sets of MSNZZs. These
NID actually generate the elementary fields of (2.14), and will therefore
appear in the explicit expressions for the NID for successive mass-scattering
processes (see Section 3.2).
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We define the NID hypersurface for thg QIV — 1)th mass-scattering pro-
cess as being the future null cone Cx—; of " x A4 €V(€x+1). It is clear that
this process involves the mass scattering of the massive field densities

N 1
A N—1
v ("7, X0y
The NID set for it is
MSNIDS = {"y' (6%, %), x (9"’;52’)} (2.20)
N-1

where

N=t n,

N-—-1
v (0 D=0" Y (%), (g D)=8" X "(Dess (221)
N-1 N N-1
are complex scalar functions on C_, at 2 € ¥({ y+1). For successive mass-
scattering processes, we thus have the infinite NID set
1 , 2 ,
IMSNIDS = {y(5"; %), (5" %), ¥(6": ). 7(g": ).} (2.22)

In order to rewrite the DFDE in a symbohc form, we now introduce
the conjugate spin scalar operators at x

f1a-=/D{D-2"0" D)=/ D (2.23)
Frae=G/DB-2 R B}=C/Don (2.24)

In these expressions, ilyeE(g ~+1) and ﬁﬁ) is the differentiation  operator in
the direction of 7y at x**. The functions ' p (x) and I'V{{l(écv) are real and
measure the convergence of the generators of Cj—; at A {Penrose, 1980).
Their defining expression is

lN N+1C C

N, N.
"p'(H=(2)" (8/0%°€)5" = R (%) (2.25)
The operators {S’L and pgr are the usual real forms of the compacted spin-
N ,

coefficient derivative operator at x4 (Penrose and Rindler, 1984). In fact,
for the general case of spin s, the £ operators are given in Cardoso (1990a).
Letting (2.23) and (2.24) act appropriately on the elements of (2.20), we get
for the (N — 1)th process

N-—1 ,
#-MSNIDS={#1/>- v (04 %), Fis x (5750} (2.26)
N=1 N
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The general pattern of the #-NID for successive mass-scattering processes
now becomes clear. We have the infinite 2-NID set

N n 1 2 R o N 2
#-IMSNIDS = { #1-y(6*; X), 1 2" %), f12-9(0%; %),

R g 3
§r1/2+§((g)‘4 ;X), .. } (2.27)

We shall see later (Section 3.2) that the explicit expressions for all the ele-
ments of (2.27) can be given in terms of the elements of the following NID
set:

A N 9 14 1 N g 1
ﬂ-NIDS={{T1/2—‘I/(0 5 %), Ti2+ %{(10 5 X)} (2.28)

where the # operators are now defined on 4§ at x*4. A diagrammatic
representation of the functions appearing as 1the elements of (2.26) is shown
in Figure 2. The #-null datum involving w ( yx ) has been represented by
N-1

a white (black) datum spot. These datum spots bear the letters L and R,
which stand for left and right, respectively. Such a diagrammatic representa-
tion shall be used also in Section 3. We will effectively make use of the
corresponding terminology in Section 4.

As mentioned before, each of the elements of (2.14) propagates for a
while along the edges of the relevant MSNZZs. Thus, by splitting

N-2 ,
v a(X) and  x (%)
N-=-2

la) (b)

Fig. 2. The #-NID for ]Ehe (N~ 1)th mass-scattering process are represented by datum spots
centered at the element x** of the vertex set of an MSNZZ. (a) The v datum is denoted by
a white datum spot; (b) the y datum is denoted by a black datum spot.



Mass-Scattering Integrals for Dirac Fields 1573

N-144 .
at "y ¥, we obtain

=2 - 1 v
Py =04 A WO A v (MR 229)
and
x5 = I _, NA_[ N-1, _ oM N1 230
N=2 Cy )—Eg iy )Nlrll/2+ }_C(N(—Jl ;X)) (2.30)

where A 1( y ) is (Penrose and Rindler, 1984) a proper LorentzN scalar
distributional field (PLSDF) on V7§ (with the origin displaced to = x AA)
whose support is Cy—;. Therefore the massive DFDE (2.16) are rewritten
as

1

vy (5= (u/2fr)o ALY EAVI AN M NEY @3l

V' A= wamd ALY e WM NN (232

Notice that these DFDE are invariant under both Lorentz transformations
and arbitrary scalings.

3. MASS-SCATTERING INTEGRALS

To obtain the explicit mass-scattering integral formulas, we need first
to solve the DFDE exhibited in Section 2.3. We shall be led to explicit NID
for the mass-scattering processes. Each of the elementary fields of (2.14)
emerges as an SI mass-scattering integral which is taken over an appropriate
space of MSNZZs. The entire Dirac fields appear to be given in terms of
four series as each of the expressions (2.13) is split up into two series. We
will here use the diagrammatic representation of Section 2.3 whereby the #-
NID involved in the scattering processes are represented by white and black
datum spots bearing L’s and R’s.

3.1. Solutions of the DFDE

The solutions of the massless free DFDE (2.17) can be obtained at once
by putting N=2 in (2.29) and (2.30). We thus have

0 1 0
V()= (1/22)6 A 12w (0™ ) 3.1)
and

. 1 ,
X0=1/2mg M) 1242573 $) (3.2)
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These are the expressions arising from the usual splitting of the Kirchhoff-
D’Adhemar—Penrose (KAP) integrals in the case of spin +1/2 (Penrose and
Rindler, 1984; Cardoso, 19905). To the massive DFD equation (2.31), we
seek a distributional solution of the form

Nt n—| N—1 N—-I N1 nv—y oy N-1
Y u(y)="aaCy)ACy) e 2 (075 x)  (33)
N=2

- — N-—1 —
where "a ' A(Ny 1) is a spinor to be determined, and A ,-(Ny 1) is a PLSDF
defined with respect to " x 144 By differentiating out (3.3), using (2.7), (2.8),
and the SI distributional relation on V7§,
N-—1 N-—1 - N-—1 — — — N—-1 —
Vs A j(Ny 1)ZIIJV‘]’\,A]{’;A' A j+1(Ny Y=G/z IAZI{X)NO IANélAl A j(Ny D)

(3.4)
we conclude that j=0, and
"My y= o o (3.5)
It follows that our SI solution is

N=1 - CIN.N—-1 N=1 y-— . . N-
¥y h=—l(p/2m)/ 2 w0 A A O(Nyl)NEll/2+ X (NQIM D)
N=2 (3.6)

N-1 -

A O(Ny 1) being (Penrose and Rindler, 1984) a proper Lorentz-invariant
stép function on ¥} defined with respect to " x “4*. A similar procedure
leads to

. N—1 Ny Nl N—1 N=2 N-1;, N-1
XACyy=—lu2m)y/ 7z ul 6" Ao(y) Aap v (o™ x)
3.7

as the SI solution of (3.2). Since weNart‘e concerned here only with forward
MSNZZs, we shall henceforth take A o'y )=1.

3.2. Explicit NID Expressions for Successive Mass-Scattering Processes

The SI solutions (3.6) and (3.7) give rise to certain symbolic relations
involving the elements of (2.27). These relations are easily established by
making use of the defining expressions (2.21), (2.23), and (2.24). We thus
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have

|

A N-1 n N, NN. N 4 N-
Fro- v (0 0)=[(k/2m)/2F] #ape 2 (077 %) (38
and

Nolg Nl

B+ 1(5 $X)= [(#/ZN)/ZV] 7 1/2- WY 69

Let us now start with 7r,/2 l//(O x) on ¥ at e V(Azx+2), where
KeN U {0}, N being the set of natural numbers. Using (3.8) and (3.9), we
obtain the following expression for the NI datum for the (2Kth-process)

mass scattering of the SI field density ‘I’A( y) on Cyx at
2Kx+ IAA,E V(AZK-{-Z) .

21<+1A 2K +1
x )

1/2- !I/(

2K+1

K K 2K
= (/20 12y (0" /{( H”“)(H i)(ﬂr)] (3.10)
= m=1 j=1

where the explicitly involved affine parameters belong to E(A»x+») whenever
K takes on the values 1, 2, 3, ... . Similarly, starting with

A 4, 1 1 !
{TI/Hg{(?A;x) on %y at x*eV(nk+s)

we obtain
R 2K+ 2k 42, 2K+2
T — 0 s, X
N ARV-S A ; )

=(u/2n)2’<“;f1/z+g<§"’;)‘c)/[( I ’”)(H )( 1 ﬂ (3.11)

m=1 n=1 Jj=1

which is the expression for the NI datum for the [(2K+ 1)th-process] mass
scattering of the (SI)

2K+1 2K +1

+ 2K +2 44
¥ 4(Ty ) on Cikiy at X

€ V(nak+3)

It is clear that the affine parameters involved in (3.11) all belong to E{ 12k~ 3).
The results for the mass-scattering processes involving the SI densities

2K +1

X3 and _x “CHY
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can be obtained from the previous ones as follows. We first make the
replacements

2K 41,4, 2K +1 o4 2K 41

21<+11/2 W( o7 Tx )- 1/2+)C(2K+1 ;X )
2K +1 21<+2A K2 L4 2K 2
zK+21/2” v (o )_)2K+21/2+ Z (2K+2 ;ox)

Next we apply the interchange rule
o 0 1,1 R o 1
#12-y(0%; x) qr1/2+(;)c(tl>”’ ; X)

Finally we take the complex conjugates of the explicitly involved inner prod-
ucts. We thus get

— A 2K+]
2K+11/2+X( x )
& K
2 4 = J
=(ﬂ/2n)2";rl/2+x(g”‘; /(H )(H )(H r)] (3.12)
0 2n+l i
= n=1 Jj=1
22 2K*3
A( ) (55
2K
A I e 2 A L, R
T Ty X R ( 04X
2K (o x) ZKJZ/Z 2K (2K~2 )
A 0 1,
Al (0" x)
A I
T X (04,
T2 0R(? x)
2K A W22 2K2
T 12%p( G4 Ty 0A; X
2}<1V2 KR(ZKﬂ ) 2K%2 i ( )

Ap2Ke2 2K+ 2K+3

(X) Yo (%)

Fig. 3. Scheme showing the generation of the NID for the mass-scattering processes involving
the SI distributional field densities in V75 .
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2K +1 .
on Cixat ~ x eV(dik+2), and

_ 4 2K+2

e X (0 %57 x7)

252 2fi1 2K+2

st Canl (Ve i 1]

2K +2 4 4 . .
on Cixi; at x A4 € V(n2x+3). A schematic representation of the above

procedure is shown in Figure 3.

It is now evident that the elements of (2.28) are the NID for the “zeroth-
mass-scattering process.” These are the NID that enter into a modified SI
version of the KAP field integrals in the case of spin +1/2 (Cardoso, 1990aq).
The explicit p-NID for successive mass-scattering processes are given in
Cardoso (1988).

3.3. The Entire Dirac Fields

For writing down the SI mass-scattering integrals for the elements of
the infinite Dirac set (2.14), we need to define a mass-scattering (3]-— 1)-

differential form, JeN Such a form is an SI (3j—1)-volume form K on

the compact space K of MSNZZs whose edge-sets possess j+ 1 edges. The
relevant defining expression is

%R

Ny

1235 (/71 i
K=l A Fna AK (3.14)

- m=1

where 7 is the SI one-form d7/7 at the element X** of the vertex-set of

123, m m
some (€ Kj, with r € E({;11); § is the SI two-form of surface area pro-
vided by the (spacelike) intersection of the (past) backward null cone

AAeV(§,+1) with the (future) forward null cone C,_; of

eV({;+1), and K is an ST two1 -form on the (two-dimensional) space
of pairs of adjacent edges 7 and "7~ of E({;.,) incident at x**e V({4 ),
which is given by

Cm+1 of X
IAA

) (3.15)
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We are now in a position to introduce the SI mass-scattering formulas. We
have
2K

2K (2Kx+2)_ H 2K0+2
Va @r)** ! 1.2k +1 4

(0 2k

2K +1 (2Kx+3)_ H 2K +3
Voal x 123..2K +2 4

(3.16)

. _ 123..2K +2
Bipey (07 5x) K

0
"

(3.17)

for the unprimed elements of (2.14), and

2K
XA'(sz+2)_ H J 5 ya

% Qr)*+! 123..i}2(1(+1 2K+2

. a1 123.2K+1
P (07 5x) K

(=lie )

2K 43 ﬂ2K+l
A( X )_ J\ b— A

x =
2k @r)y**? 123..11%{ +22K+3

(3.18)

O 1, 1.123.2K+2
Zi2-y(07;x) K

X
K o1 K+1 2K +1 i
n — p
M7z )\ Iz ) 11 77
2m
n=1 m=1 =1

for the primed elements. Each of the above mass-scattering integrals takes
into account all the contributions coming from the spotted vertices of the
appropriate MSNZZs (see Figure 2). Additionally, it is evident that these
integrals carry explicitly the NID expressions given previously. These

(3.19)



Mass-Scattering Integrals for Dirac Fields 1579

Fig. 4. Diagram showing successive mass-scattering processes of the SOI dlstrlbutlonal field
densities on ¥} . The NID for the processes are generated by n, s-y(0%; x) on¥%5.

features are illustrated in Figs. 4 and 5. Particularly, the integral expressions
for the massless free elementary fields are written out explicitly as

0 1 0 1
Wa(X)=— f ot 0-W(0™; K (3.20)
271' 1 i
K
and

. 1 , . 1
()= f §* R (5™ 0K (3.21)
0 2rJi 21 01
K

These are the SI version of the KAP field integrals for the case of spin
+1/2. The SI expressions for the general case of spin s are given in Cardoso

(1990a).
Simple formal mass-scattering integral expressions can be achieved by
defining suitable SI field densities on Cx and Cx+ 1, such that (see Figure 6)

wa(x )—— Yu(x) K (3.22)

2K ogin 2K o 4+ 123.2K +1
123..2K +1

v LONHTK (3.23)

~

21<+1 21<+3) 2K+1 o 4o 123.2K+2
123..2K +2
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Fig. 5. Diagram showing successive mass-scattering processes of the SI distributional field
densities on V7§ . The NID for the processes are generated by {?1 12+ x(cli"; xX)on¥s.
0

Fig. 6. The SI field densities on V7§ generated by ?’ s 3/(1;” ; J]C) on % § . These densities define

simple formal mass-scattering integrals for the elementary fields w4(x) and y “(x).
2K+1
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and

a2+, 1 2K 1 123 2K +1
2 Cx)=— X°(x) K
% 2 11232k +1 2k

2K +3
21{ 1 ( ) ey .[lZS 2K +2 2;}?]
¥ +
K

Hence the entire fields (2.13) are reexpressed as

2K 42 123.2K +2
x) K

2K X IK+1
wa(x)= Z WA(2K+2)+ Yo oy A(ngs)
K=0
2% (%)= >: z CEH+ Y g 1O
K=02K+1 7

A schematic diagram showing this recovery is given in Figure 7.

YalX)
2K /2Ks2 2K+1/2K*3
lPA( X> < )
Integration Integration
over over
the compact space the compacl space
123...2K1 123 2K*2
K

A 0 1,
T{vz"%’L(O‘X)

Integration
over
the compact space

RO
T2+ %a(§4:% )

T

Integration
over
the compact space

123.. .22 123 . 2K+
K K
7 + ’ -+
XA(ZKX3) XA(zx)(Z)
2K+ 2K
\ A'
3AX)

1581

(3.24)

(3.25)

(3.26)

(3.27)

Fig. 7. Schematic representation of the recovery of the entire Dirac field set on Vg .
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The diagrams illustrating our mass-scattering scheme, which have been
exhibited above, can enable one to draw all the other relevant scattering
diagrams. It is worth remarking, in particular, that the diagrams shown in
Figures 4 and 5 can be obtained from one another by interchanging the
datum spots appropriately (see Section 4).

4. GRAPHICAL DESCRIPTION OF THE
MASS-SCATTERING PROCESSES

Basically, we shall now show how the information carried by the gen-
eralized mass-scattering integral expressions exhibited in the foregoing sec-
tion can be extracted from certain simple graphs. Such graphs will henceforth
be designated as mass-scattering graphs (MSGs). The unprimed and primed
elementary fields shall be called left-handed and right-handed fields, respec-
tively. For the sake of convenience, we will relabel the elements of the edge-
sets of the scattering diagrams which appear to be of relevance to us.

4.1, Mass-Scattering Graphs

An MSG is a (simple) connected oriented colored graph oy, (N20)
(Busacker and Saaty, 1965; Nakanishi, 1971) whose vertex-set

3 N+2

V(on+2)={0,0,0,0,..., 0} (4.1)
contains N+3 elements such that "3 is “forwardly” separated from o,
n=0,1,2,..., N+1.Indeed, this “forwardness” is what defines the orienta-
tion of ox+2. The edge-set of oy is the set

N+2

E(on)={d,a,a,..., a } (4.2)

of N+2 edges, where "' connects the vertices 5 and "D . We now introduce
a suitable one-to-one correspondence between the (vertex-sets) edge-sets of
MSNZZs and the (vertex-sets) edge-sets of MSGs. We have

9: V(Ensa) = V(Onsa) (4.3a)
e: E(CN+ 2) — E(O’N+ 2) (43b)

which establish the relationship between (J’é"”')";r ' and (5)"21”, h=0,

1,2,...,N+2. Both the starting-vertex (3) and the end-vertex (NJ 2) of
O~ +2 carry no color, while each of the “internal” vertices carries either the
color white or the color black. It becomes evident that the number of colored
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(a) (b)

3 4
ERRY v,
2 °3
2
vCl1 ng
Vv Ve 2
0 a1
V7 a \'}

0
V7 a

Fig. 8. Two zigzag-like patterns: (a) An MSG; (b) a zigzag which is not an MSG.

vertices of o2 is equal to N+ 1. For N>0, any internal edge of E(oy+2)
joins only vertices carrying different colors. Each white (black) vertex is
associated with the appropriate NI datum for the scattering of a left-handed
(right-handed) field. For example, we can have a graph as shown in Figure
8a, but not as shown in Figure 8b.

Notice that what appears to be of importance at this stage is the colored-
vertex configuration together with the number of involved edges. For con-
venience, only zigzag-like MSGs are considered here. From now on we shall
for simplicity drop the v’s and a@’s from the scattering graphs.

4.2. Graphical Representation of the Mass-Scattering Integrals

Consider the left-handed outgoing field I/N/ 4(x), which is involved in the
Nth mass- scatterlng process. This process is graphically described by a gy +».
The vertex v of this graph carries a white or black color, depending upon
whether N+2 is even or odd. For example,

v =8 . paw= @.4)



1584 Cardoso

The case N=0 corresponds now to the “zeroth process,” which involves the
massless-free elementary contribution. We thus have

V()= >> 4.5)

For N> 0 the #-NI datum for the process involves explicitly the product of
N affine parameters and N appropriate spin-inner products in the denomi-
nator of the integrand of the relevant mass-scattering integral. The involved
parameters are set as

N+l

LAPy={7, 7, .. Y E(Cna) (4.6)

while the involved inner products are given by

ELIPy={Z, 3 Z Z ..., z, Mah (4.72)
in the even-order case, and by
2 _ 4 _ _ N+i1
OLIPy={z, 52,5052, 2 } (4.7b)

in the odd-order case. We observe that the elements of (4.6) correspond to
the internal edges of oy+,. For (4. 7a) the inner product zis (suitably)
implicitly carried by (u /27t) 7r1 . 1//(0 ,x) while for (4.7b) the #-NI

datum (p/27)" 7r1 12+ x(o x) already involves z adequately. Actually, each
spin-inner product e%termg into the relevant mass-scattermg integral is
defined at a vertex of MSNZZs which corresponds to a colored vertex of
MSGs. This inner product is barred or unbarred according as the corre-
sponding colored vertex is black or white. It follows that, in the even-order
(odd-order) case, V(o n+2) possesses N/2+1 [resp. (N +1)/2] white vertices
and N/2 [resp. (N+1)/2] black vertices. In either case, the numerator of

the integrand of the scattering integral involves the “outgoing” spinor
N2 . . . 123..N +1 123..N +1 .
0 4 together with a (3N + 2)-differential form K on K, multi-

plied by the appropriate #-NI datum at x** . For exam le, for the graphs
Y
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(4.4), we have

5 A 0 1, 1
u 1 4 o v(07; X) 153
=2 2 ;04 oo K (4.8)
20
. a ]
pY 1 5 {II/HX(:OA;X) 1234
0
=(2—) “ﬁm 04—z K (4.9)
n) 2r; i (Zgz)(rrr)

The MSG that describes the scattering of the right-handed elementary
27(x) can be obtained from the one for I/IA(x) by interchanging white

and black vertices. Thus, the colored-vertex configuration of the correspond-
ing graph appears the other way about, its edge-structure being associated
with (see Figures 4 and 5)

RAPy=LAPy (4.10)

It follows that, in the massive case, the relevant inner products arising here
are obtained from the elements of (4.7a) and (4.7b) by taking a complex
conjugation. The rules for this case are essentially the same as the ones given
before, but the scattering integral now involves the “outgoing” spinor

ch 2"'. We are thus led to the colored-vertex structures

N+1 2 4

1 3 5 N+1
Ceded. . 00), @dbede..e 0) @
2 4 N 1 3 5 N
for the left-handed fields, and

2 4 N 1 3 5

@be0de...0 @), Ceded..0 e @
1 3 5 N+1 2 4 N+1

for the right-handed ones. Evidently, the numbers carried by these structures
refer to the labels of the colored vertices of the scattering graphs that repre-
sent the pertinent elementary fields. In particular, it should be noticed that
the interchange rule of Section 3.2 has been automatically incorporated into
this graphical scheme.

According to the above rules, the entire Dirac fields are recovered graph-
ically as
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+§+ + +e (4.13)

and

+3+ N 4 (4.14)
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5. CONCLUDING REMARKS AND OUTLOOK

We presented a complete null description of the mass scattering of Dirac
fields in RM. One of the most important features of our scheme rests upon
the fact that the information on the NID for mass-scattering processes is
totally contained in suitably contracted derivatives of spinors entering into
FSBSs. Here, the #£-spin scalar operators are regarded as being more natural
than the p-operators, insofar as the former are involved in the expressions
for the SI field densities. These densities are specified at points lying on
forward null cones of appropriate elements of vertex-sets of MSNZZs. It
should be emphasized that the particularly simple form of the scattering
integrals carrying explicitly such densities is due to the choice of ¢ as the
NID hypersurface for all the elementary fields. At every order, the number
defining the order of either field whose SI mass-scattering integral involves

the (3j—1)-form K is equal to j— 1. The point at which the field is evalu-
ated is the end-vertex of some MSNZZ that possesses j+ 1 edges.

A noteworthy feature of the solutions of our DFDE is the fact that
they involve a neutrino field at any order. The usual splitting of the KAP
integral expressions for massless free fields thus arose once again here. In
fact, as regards the PLSDFs, the mass-scattering integral for a massive
contribution of order j—1 involves only the product of step-functions

Hf:l &0( ), which is defined with respect to suitable vertices of the relevant

MSNZZs. This was taken equal to 1 here, since our zigzags are forward null
graphs in RM. Nevertheless, as the DFDE of Section 2 stand thereupon,
the corresponding higher-order contributions can be looked upon as massive
pieces which are propagated in V5 by the field equations. Indeed, what arises
when the elementary contributions are broken down into distributional fields
involving A(x) is that they behave themselves as massless pieces which
propagate along the edges of MSNZZs. Under these circumstances, in effect,
they appear to play the role of sources for the contributions associated with
the densities that are involved in the left-hand sides of the DFDE. With
respect to the former interpretation, it can be stated that what propagates
along the null geodesics containing the edges of the scattering diagrams is
the information carried by the elementary fields.

We have assumed from the outset that the series (2.13) giving the entire
elements of the Dirac pair are convergent on V7§ . This situation will prob-
ably be discussed elsewhere. The regular behavior of the NID (2.18) at the
vertex of €7 is extensively discussed in Penrose and Rindler (1984), and
effectively taken into account here. Actually, it provided us with a manifestly
finite mass-scattering integral for each of the elementary fields. It may well
be said that the relevance of the graphical description given in Section 4
stems from the fact that, once a set of rules for the scattering graphs is
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at our disposal, we can obtain at once the integral expression for any ele-
mentary contribution of either handedness without performing any explicit
calculation.

The generalized mass-scattering formulas exhibited in this paper fit
neatly with the twistor formalism (see, for instance, Cardoso, 1990c¢). In
connection with this fact, it seems to be worthwhile to set up a framework,
within the NID approach, which might enable us to deal with quantized
fields. It is believed that this procedure would bring new insights into the
theory of twistors.
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